Section 7.3: Properties of the Laplace Transform
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Translationin s

Theorem 3. If the Laplace transform £{f} (s) = F(s) exists for s > a, then
(1) Fl1e®f(t) }(s) = F(s —a)

fors>a+a.

What does this mean?
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Example 1 Determine the Laplace transform of ¢* sin bt.
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Laplace Transform of the Derivative

Theorem 4. Let f(¢) be continuous on [0, %) and f’ () be piecewise continuous on
[0, =), with both of exponential order . Then, for s > a,

(2) E{f" Y (s) =sL{f}(s) — f(0).

What does this mean?
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Laplace Transform of Higher-Order Derivatives

Theorem 5. Let f(t),f'(1),..., F"=Y(t) be continuous on [0, « ) and let £ (1)
be piecewise continuous on [0, % ), with all these functions of exponential order «.
Then, for s > a,

(4) PLFMY (s) = s"L{f}(s) = s"~Y(0) = s"~2f'(0) = -+ = fn=1)(Q) .

[llustrate forn = 2
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Laplace Transform of Higher-Order Derivatives

Theorem 5. Let f(t),f'(1),..., F"=Y(t) be continuous on [0, « ) and let £ (1)
be piecewise continuous on [0, % ), with all these functions of exponential order «.
Then, for s > a,

(4) LMY (s) =s"L{f}(s) = s""1(0) —s""%'(0) — --- — fin=1)(0).

[llustrate for general n
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b . determine £ {cosbht} .
2 )

Example 2 Using Theorem 4 and the fact that ¥ {sinbt}(s) = j
sT+ b
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Example 3 Prove the following identity for continuous functions f(¢) (assuming the transforms exist):

(5) ${ /Olf(f)d'r}(S) = %c‘f{f(f)}(S) :

Use it to verify the solution to Example 2.
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Derivatives of the Laplace Transform

Theorem 6. Let F(s) = £{f}(s) and assume f(7) is piecewise continuous on
[0, %) and of exponential order a. Then, for s > a,
d"F

}

ds”

(6) L1 f(¢)}(s) = (—1)"

What does this mean?
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Derivatives of the Laplace Transform

Theorem 6. Let F(s) = £{f}(s) and assume f(1) is piecewise continuous on
[0, %) and of exponential order a. Then, for s > a,
d"F

n

(6) L1f(t)(s) =(—1)"

(9.
ds

Proof:




Section 7.3: Properties of the Laplace Transform

Example 4 Determine & {rsinbt}.
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RS Brief Table of Laplace Transforms

S(t) F(s)=X%{f}(s)
|
1 e s>0
5
] 1
e \ s>a
s—a
n!
", n=12,... F, s>=0
b
sin bt ; 5s=>0
52+ b
b u >0
cos bt R 5
31+b2
n!
.E“Irh, n=12,... (?_ﬂ)"+]’ s=>a
b
e“' sin bt G-a)y+b’ s>a
s—a
e" cosbt G—a)l+5 s>a

GRS &8 Properties of Laplace Transforms

E{f+g} = L{f} + £{g} .
F{cf} = c£{f}
L{e"f(1)}(s) = £{f}(s—a) .

L{f'}(s) = sL{f}(s) = £(0) .

L{f"} (s) = SL{f}(s) — sf(0) —£"(0) .

L} 6) =L )~ ) —5* F(0) -

n

LA} (s) = (175 (2 ()

for any constant c .

[y _f("—l)(o) .




